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Abstract. This research deals with an overhaul-replacement policy for a
repairable machine sold with a free replacement warranty (FRW), which will be
used for a finite horizon T and evaluated at fixed interval s. At each evaluation
point, the buyer considers three alternative decisions, i.e. (1) keep the machine,
(2) overhaul it, or (3) replace it with a new identical one. If the machine fails
during the warranty period, this is rectified at no cost to the buyer. Any failure
occurring before and after the expiry of the warranty is restored by minimal
repair. An overhaul-replacement policy was formulated using a dynamic
programming approach. The results show that overhaul rejuvenation may extend
the machine life cycle and delay the replacement decision. In contrast, the
warranty stimulates early machine replacement and in so doing increases the
replacement frequency for a certain range of replacement costs. This implies that
in order to minimize the total ownership costs over 7, the buyer needs to consider
the minimal repair cost reduction due to the rejuvenation effect of an overhaul as
well as the warranty benefit due to replacement. Numerical examples are
presented for both illustrating the optimal policy and describing the behavior of
the optimal solution.

Keywords: dynamic programming,; minimal repair,; overhaul; veplacement; warranty.

1 Introduction

We consider a machine that is used as a means of production. Failure of the
machine will cause losses, either because of delayed completion, decreased
production, or process inefficiency [1-3]. In the case where the machine has an
increasing failure rate, it is reasonable to overhaul or replace it before its
performance falls below the standard. Optimal replacement models can be
classified in many different categories [4-6].

A warranty is a contractual agreement between a manufacturer and a consumer
to establish liability in case of a premature failure of an item or inability to
perform its intended function. One type of warranty that is usually offered for
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repairable products is the free replacement warranty (FRW) [7]. If the machine
fails within the FRW warranty period, the manufacturer agrees to repair or
replace the failed product at no cost, such that the buyer only suffers the cost
due to interruption of production. Most research on warranties focuses on
reducing the warranty cost, which is an issue of great interest to manufacturers
[8]. They deal mainly with the optimal strategy from the manufacturer’s
perspective, i.e. to minimize the expected warranty cost over the warranty
period [9-11]. Meanwhile, [12] and [13] have shown that the warranty has a
significant impact on the total operation and maintenance costs borne by the
buyer. The optimal strategy for the buyer should be determined under a life-
cycle context [14]. There are researches that address this issue from the
viewpoint of the consumer. To mention a few among them are the following.
Optimal post-warranty preventive maintenance policies have been developed to
minimize the expected long-run maintenance cost per time unit [15]. The
customer who owns the equipment may offer improved preventive maintenance
to negotiate a better warranty contract [16].

Most researches on maintenance and replacement are analyzed under an infinite
horizon assumption. However, most system life cycles are finite, in which case
it is important to consider optimal policies under a finite horizon. Three
common infinite horizon models, i.e. periodic replacement with minimal repair,
block replacement and simple replacement, have been modified to finite-span
replacement models in [17]. A threshold on the current system state and a
threshold on the residual life cycle have been considered in modeling finite
horizon replacement decisions for a multi-state system in [18].

An equipment replacement model for a system that is required only for a
specified length of time in order to fulfill a specific contract has been developed
in [19]. The work was motivated by an interest in studying the validity of
applying an infinite-horizon solution—i.e. to replace an asset at its economic
life—to a finite-horizon problem. Formulated as an integer-knapsack model and
solved by using dynamic programming, it presents a different approach to
bound the number of times an asset is utilized at its economic life during the
considered period. The study was intended to examine the application of asset
economic life in a finite-horizon equipment replacement problem by
considering the time value of money. The authors developed a simple bounding
technique in dynamic programming. None of the papers cited above considers
the overhaul option and the warranty benefit in a replacement decision.

Our research deals with optimal overhaul-replacement policies for a machine
sold under warranty from the buyer’s point of view. Our work is motivated by
an interest in the interaction effects of warranty advantage and overhaul benefit
toward the buyer’s optimal policy. In a previous research, we have modeled an
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optimal replacement model for a repairable machine sold with warranty under a
finite horizon planning [20]. In the present study, we extended this by adding
the overhaul consideration into the buyer’s decision. Applying a periodic
decision approach, we further developed a dynamic programming model that
has been used in many equipment replacement optimization studies ([21,22]).
The model is used to minimize the total expected ownership costs over T, which
consists of expected minimal repair cost, overhaul cost and replacement cost.

This paper is organized as follows. Section 1 describes the background of the
research and indicates the research gap. In Section 2 we present system
characterization. In Section 3 we present model formulation, along with the
analysis to prove the existence of an optimal solution and discuss some
underlying situations for the overhaul and replacement decision. In Section 4 we
present some numerical examples. Finally, in Section 5 we provide conclusions
and discuss the extension of our work.

2 System Characterization

We consider a repairable machine sold under a free replacement warranty
(FRW). The machine is planned to operate as a means of production for a finite
horizon, T (7<w). To maintain the machine’s performance, it is evaluated N
times during T (Figurel). The interval between evaluation points s (s<7) is
constant, so T= N.s where N takes integer values.

1st 2 nd i th Nth
evaluation evaluation evaluation evaluation
point \/ pomt\/ poin\/ point \/

: ° *~— — — o&—0 — —o—o

0 S 28 t t+s (N-1)s N.s=T

Figure 1 Evaluation points at each end of operation period s.

At j=0 a new machine begins to operate. At each evaluation point j (j=1,...N-1)
the consumer has the alternatives to (1) keep the machine, (2) overhaul it, or (3)
replace it with a new identical one. We assume that machine operation will
terminate at the N evaluation point.

2.1  Failure Modeling

Machine failures are modeled using a black-box approach, so the damage
mechanisms are not specifically considered [23]. The occurrence of failures
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along the time axis is represented by a point process with intensity function
A(7), an increasing function of 7. Any failure is detected instantly and minimally
repaired. Under minimal repair a failed machine is restored to its condition
immediately before the failure. Thus the conditional failure intensity function is
unaffected by each failure. This is appropriate for the situation of a multi-
component machine [24]. The rectification of the failed components has a
negligible effect on the remaining components. If the time required to conduct
minimal repair is negligible, then the machine continuously experiences
deterioration and the occurrence of failures during s follows a non-
homogeneous Poisson process [25]. Let ¢ represent the age of the machine.
Assuming minimal repair occurrence, the expected number of failures during s,
h(t,t+s), is given by (1):

h(t,r+s)=jt”"'/1(r)dr 0

2.2 Warranty

The machine is sold under a free replacement warranty with a warranty period
of w. w is an integer multiplication of s (w=n.s). Any failure that occurs during
w will be repaired by the seller with no charges to the buyer. In such situation
the buyer still bears some cost, ¢, due to less desirable quality products
produced during the transient condition after the machine was repaired
minimally. After the warranty expires the consumer will bear the total repair
costs as well as losses due to disruptions in the production process, ¢, whereby,
c1<c,. If y denotes the minimal repair cost per failure incurred, then the value of
y depends on the machine age ¢ as follows:

y:{cl,t<w @)

C,,t2n

2.3 Overhaul Modeling

Overhaul is defined as a planned systematic effort (check, detect, treat or
replace components) in order to maintain machine performance at a certain
level. A number of models assume overhaul to improve the performance of the
machine by rejuvenation. Thus, after overhaul the machine has a virtual age that
is younger than the actual age, or a lower failure intensity but not to the point
that the equipment is as good as new [26]. Two virtual-age models have been
examined in [27]. One of these is a permanent rejuvenation model, which
assumes that due to overhaul the difference between actual age and virtual age
is always the same. Using this approach, in this research we consider overhaul
as an action that decreases the machine’s age with a constant reduction o.
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Overhaul will not restore the machine to be as good as a new machine that is
still under warranty. Therefore overhaul may only be carried out after the
machine age ¢, &>w+J. We express O as an integer multiplication of operation
interval s (0 =k.s, k= 1,2,...). Furthermore, we assume that the time required to
conduct overhaul is considered to be negligible. Consequently, any overhaul at j
for a t-old machine will immediately reduce the machine’s age to #-0. The
overhaul cost is c;, which is higher than the minimal repair cost. As a result
C1<cr<cs.

2.4 Decision Alternatives

At any j, there are three decision alternatives to choose from. If we choose to
keep operating the machine then, due to aging, machine failure as well as
minimal repair costs will increase. If the decision is to overhaul then the cost for
the machine overhaul will be incurred but it also reduces the failure intensity
due to machine rejuvenation. Lastly, if the decision is to replace the machine
then a notable cost incurs for replacing the machine, however, it is restored to a
new one and this significantly reduces repair costs during the warranty period.
Assuming the machine’s operating cost is constant, the expected total
ownership costs are the accumulation of expected minimal repair costs,
overhaul costs and replacement costs over 7.

The mathematical model is formulated to minimize the expected total costs of
machine ownership throughout 7. A constraints that was considered is the
requirement to be able to operate the machine during the whole considered
planning horizon. Minimizing the total machine ownership costs is done by
choosing a decision at every j (j=1,...N), which can be expressed as a function
of the sequential decisions taken during the planning period, represented by the
following steps.

3  Dynamic Programming Formulation and Analysis

The model is developed from the buyer’s point of view and system performance
is measured by the total ownership costs over 7. We apply dynamic
programming to formulate the overhaul-replacement problem of a warranted
machine [28]. Let x; denote the action taken at j, j/=1,2...N-1. The stages in this
problem refer to evaluation points j. Each stage has a number of states that refer
to machine age t. We consider two types of costs, i.e. minimal repair cost
(within warranty period c¢; and after warranty expiry c,), decision cost i.e.
overhaul cost c3;, and replacement cost c;. We assume that the highest cost is
replacement cost ¢4, therefore c¢1<c,<c;<c4. Overhaul is modeled as an action
that generates machine rejuvenation with constant age reduction. If the machine
is overhauled at age 7 then the machine’s virtual age after overhaul will be #-0,
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where o is constant [29]. Figure 2 shows the relationship between state ¢ at j,
decision x; and its contribution to the machine’s state at j+1.

state ™
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Figure 2 Relationship between machine state ¢ at stage j, decision x; and its
contribution to the j+1™ state.

If at j we have a machine with an age of ¢ and the decision is to keep it (K) then
at the next evaluation point (j+1), the machine age will be #+s. If the decision is
to overhaul (O) at j then we start operation at j with machine age ¢-, where J'is
the age reduction due to rejuvenation. Therefore at the next evaluation point
(j+1), the machine age will be #-5+s. Lastly, if the decision is to replace (R) then
at j the machine age returns to zero and at the next evaluation point (j+1) the
machine age will be s. At time j=0, the buyer starts with a new machine and will
determine the sequential decision at j=1,2,N-1, i.e. either to keep operating, to
overhaul, or to replace the machine. In general, the buyer will want to maximize
the benefit of the warranty that is attached to the replacement decision.
Therefore during the warranty period, the buyer’s decision will always be to
keep the machine, while replacement of the machine should be carried out in
such a way that at j=N the warranty of the machine on hand has expired. If the
machine age is ¢, then the decision at j, x;, is given by:

Keep (K) ,Vt ,j=0,..,N—1
x; =4O0verhaul (0),t2w+96,j=w+0,...,N-w=90 3)
Re place (R) ,t=2w =W, N—w

Next we obtain the dynamic programming formulation for the overhaul-
replacement problem. Let F;(t) be the total cost of running a machine with age ¢
from j to N. Then Fj(t) is the summation of keep, overhaul, or replacement
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costs at j, the associated minimal repair cost, and the lowest total ownership
costs for the remaining stages (stage j+1 onward). Moreover, we define Fj'(t) as
the best value of F;(t) for the optimal decision, xj‘. For e(¢) is the machine

salvage value with an age ¢ by using (1), (2), and (3), the associated costs at j for
each x; are presented in Table 1.

Table 1 Decisions at j, x; and the associated costs for the current stage and
onward.

Decision Cost and the State Total Costs at j and the Remaining

X; Associated Minimal .
]
Repair Costs at j atj+l Stages
K yh(t,t+s) ts h(t,t+5)+F,, (t+5)
0 e, +yh(t—95,t—0+5s) t-O+s c3+7h(t—5,z—5+s)+F;1(t—5+s)
R ¢, —e®)+yh(0,s) s ¢, —e(t)+yh(0,5)+ F;, ()

Our purpose is to seek the optimal sequential decisions (keep, overhaul, or
replace) that minimize F, (). From Table 1 we define Fj*(t) as a recursive

equation at stage j for a machine with age ¢ that minimizes the total ownership
costs at stage j and onward by choosing x;. The dynamic programming
formulation of optimal overhaul-replacement policies is then given by:

x =K 7h(t,t+s)+Fj:1(t+s)
Ve, j=0,..,N-1

* 1 i — U, F* —
F’ () = min x =0 c+yh(t-06,t-6+s)+F, (t-56+s) )
JA2W+ 0, jSN—-w-0

x; =R c¢,—e(t)+yh(0,5)+F,,(s)
2w, j<N—-w

~

At the end of the planning period (j=N), Fy (t), the boundary condition, is equal
to the salvage value of the machine, given by:

Fy =—e(t) (5)

A backward approach is used to obtain the optimal ownership costs at j and its
optimal decision x; from j=N-1, j=N-2, up to j=1. Once x; is obtained the
optimal policy can be obtained. The optimal policy in stage one (j=1) is used to
find the state at j=2. Then we can find the optimal policy in stage two, x5,
which is used to find the state at j/=3. This approach is done up to j=N. Finally,
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we obtain the optimal sequential decisions from j=1 up to j=N that give the
minimum total ownership costs over 7, F} (¢).

This simple recursive pattern of dynamic programming results in a relatively
short planning horizon problem along with a slight range of model parameters
that can be solved in Microsoft Excel. For solving a problem with a longer
planning horizon and considerable variation in model parameters, we need to
build a computer program to obtain the optimal policy. In the following section,
we carry out a model analysis to prove the existence of an optimal solution.

3.1 Existence of Optimal Solution

For F', given by (4), there exists an optimal solution that minimizes Fo*(t)
given by the decision policy 7~ = {x,,x, ,...,x,_,} . We use an induction proof
to show the existence of an optimal solution for our model. First we specify the
space state at any stage, i.e. the machine’s age at any j (j=1,2,...N-1) as ¢
ti €T;.Tj ={s,25,...js}.

J?

We denote G,(¢;,x;)as the current stage’s costs, i.e. the decision cost at j and

the associated expected minimal repair cost:

yh(t t; +s) x, =K

G,(t;,x;)=1¢,+yh(t; = 6,t; =6 +5),x, =0 (6)
¢, —e(t,)+yh0,s) ,x;,=R

The state in the successive stage 7,,, depends on the decision taken at the

current stage. We denote:

t,+s ,x;=K Vi, ,j=0,1,...N -1
tin = tj—5+s,xj=0 ,tj2w+5 ,j=w+0,..,N—-w—-9 (7
) ,x‘/.=R ,t‘l.Zw ,J=W,..,N

Since w and ¢ are defined as integer multiplications of s, all feasible x; may
facilitate every movement from any ¢, to one ¢,,, .

Using (6) and (7) we rewrite (4), the best total ownership costs at a particular j,
as:

F/(0=F,(t,x)=_min (G,(t,:x)+F.(,.) @®)

x,-e{K,(),R
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Using the principle of optimality of dynamic programming we can show that for
any j, (/=0,1, 2,...N-1) if there exists an x; for a certain ¢ ; that satisfies (8),

*
then we can find x;_, .

For j=N;

As N is the last stage, there is no cost to be considered and the machine is sold.
To be specific, at the end of the planning horizon, the warranty should be

expired, so possible states ¢ are finite, i.e. 7, €T}, T, ={w,w+s,...,Ns}.

As the salvage value of the machine depends on its age, we can rewrite (5) as:
F, =Fy(ty)=—elty)ty €T, )

We proceed to show the existence of an optimal solution at j=N-1 by using
Fyty).

For j=N-1;

At j=N-1, the state spaces [, , are finite, ie. ¢, €T, T, =
{w—s,w,...(N—=1)s}. Using (8), the optimal expected cost at stage N-1 can be
expressed as:

Fy, (tN—l,ij—l) = min (Gy (ty x5y )+ F]:;(tN)) (10)

xy_1€{K,0,R}
From any ¢, €7, , there exists at least one feasible xy_; € {K,O,R} that

facilitates movement to one 7, €7, in the subsequent stage. Hence it follows

that from all feasible solutions xy_; there is at least one x,,_, that gives the
minimum ownership costs for the last period to go. As a result, at j=N-1 the
optimal solution X,_, can be obtained for all ty, €Ty, -

Continuing the backward process until stage 0, we will certainly obtain optimal
decision sequences for the remaining stages, i.e. Xy ,,Xy s,...,X, . Finally, we

have 7" ={x,,x ..., x,_,} that minimizes F; (¢) .

3.2  Necessary Condition for Overhaul

For any j and ¢ (t2w +6) we perform overhaul with cost c¢;, which will reduce
the age of the machine from ¢ to #-6. We consider a non-warranted situation
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(w=0 and c¢;=c,). Using Eq. (4), we obtain the necessary condition at j where
overhaul is better than keep operating (11).

(Yh(t,t+5) = yh(t = S,t =5+ ) +(F,,(t+5)— F, (1 =5 +5) >c; (11)

As h(t) and Fi(f) are increasing functions in ¢ [20], the left hand side of (11) also
increases in ¢. The first term on the left hand side of (11) shows minimal repair
cost reduction due to overhaul only at j, while the second term represents the
additional benefit in the remaining stages. Note that if &—0, then doing
overhaul or keep operating the machine at j are equally attractive. To
accomplish (11), the rejuvenation effect o has to be sufficiently large to produce
minimal repair cost reduction both at j and the remaining stages. Using Eq. (4),
we also obtain the necessary condition at j where overhaul is better than
replacement (12).

(c, —e(®) = (rh(t =8, =5 +5) = yh(0,5)) = (F,,(t =5 +5) = F,(s) >¢;  (12)

For 6 approaches ¢, the machine’s condition after overhaul is about as good as
new and the second and the third term on the left hand side of (12) nearly turn
to zero. In this case, the only factor that prevents accomplishment of (12) is a
high salvage value, e(#), of the machine on hand. For a non-warranted situation,
the decision to overhaul at j is only attractive if the rejuvenation effect is
significant relative to c;. One factor that may have the opposite effect is the
second-hand resale value of the machine on hand.

3.3 Interaction Effect of Overhaul and Warranty

The benefit of the warranty stimulates early replacement [20]. We develop the
necessary condition at j for replacement is better than overhaul using (4) and
(2). For w=1 we obtain (13).

(Ch(t =81~ 5+5) = h(0,9) + (Fr, (t =5 +5) = F\, () > (¢, —e(®) —¢;  (13)
The first term and the second term on the left hand side of (13) is always non-
negative, since A(f) and Fj{(f) are increasing functions in ¢, and c,>c;.

Consequently, the necessary condition for choosing replacement at j can be
accomplished if one of the following conditions is satisfied.

c,—e(t)—c; <c,h(t—0,t—0+5)—ch(0,s) (14)
¢, —e(t) ¢, <(F[ (1= 5+5)~ F,(s)) (15)

The distinctive parameters of the model developed are the overhaul rejuvenation
effect ¢ and the warranty benefits represented by w and c;/c,. Therefore, to
discuss the underlying buyer’s decision to replace we consider only Eq. (14).
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The value of the right hand side of (14) is associated with the disparities of ¢,
and ¢, which indicate how significant minimal repair cost is to the buyer
compared to the losses due to process disruption. Reduction of the left hand side
of (14) may happen due to a decrease of ¢4 or an increase of e(¢) as well as an
increase of c3. This situation shows the buyer’s underlying decision in choosing
replacement, i.e. a reasonable price for a new machine along with an expensive
minimal repair cost or a good salvage value of the machine. In addition, if the
overhaul results are insignificant and costly, then the buyer’s best decision at j
is to choose replacement.

4  Numerical Examples

In this section, we present some numerical examples to illustrate the optimal
solutions of the model developed. We consider that the machine has an
increasing failure rate, which can be represented by a power law function, A(7):

Ar)=af -7, >0, 0>0, p>1 (16)

The machine will be used for the next twelve years, has a two-year warranty
and will be evaluated each year. Hence, we have T=12, N=12, s=1, and w=2.
The failure intensity function parameter is o=2. The replacement cost ¢4 is
1250. The machine’s price decreases by 40% within the first year and in each
subsequent year the price will fall by 15%. Then, the resale price of the machine
with age ¢ is:

e(t) =40% X c, (1 — 15%)"L,t =1,2,...N (17)

Overhaul cost ¢; is 250 and machine rejuvenation & due to overhaul is two
years, 0 = 2. The minimal repair cost per failure occurrence during warranty c,
is 171. After the warranty has expired minimal repair cost ¢, is 190.

4.1 Effect of Variations in S

To show how the model solutions respond to the different failure rates we use
several values of f (£ = 1.20, 1.25, 1.35). The optimal policies are shown in
Table 2 and Figure 3. The optimal solutions obtained from different values of S
show that the decision to overhaul is only considered for a machine with a low
failure intensity. For a machine with a higher failure rate it is cheaper to

perform frequent replacement than to do overhaul and keeping the machine on
hand.
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Effect of Variations in 0

To demonstrate how rejuvenation effect ¢ influences the optimal policies, we
apply different values of o (J =1, 2, 3) by using £ = 1.25 but keep the same
value of the other parameters. The results are shown in Table 3 and Figure 4.
An increasing rejuvenation effect of overhaul leads to an increasing overhaul
frequency over T'and this results in significantly lower total ownership costs.

Table 2 Optimal policies x; for = (1.20, 1.25, 1.35).

P Optimal policies at j, x; Optimal
Xi X X3 X3 X5  Xg X7 Xg X9 Xjo Xiy cost
120 K K K 0o K o0 K 0 K K K 7101.86
125 K K K K R K K K 0 K K 772558
135 K K R K K R K K R K K 8615.43
6 _6
gs ﬂ=12/'/ % S p=125 /
?4 §n4
§3 / E , / /
§ 2 é 2 / /
= L / ) / /
0 T T T T T T T T T T T 1 0 T T T T T T T T T T 1
1 2 3 4 5 6 7 8 9 tlaoge 1 12 1 2 3 4 5 6 7 8 9 g&ge‘ll 12
6
2 B=135
g5
54
S2
=2 SN SN S S
0 T T T T T T |
1 2 3 4 5 6 7 8 9 10 S%algell
Figure 3 Machine age at stage j due to decision x; for several values of £.
Table 3  Optimal policies x; for 5= (1, 2, 3).
s Optimal policies at j, x; Optimal
X{ Xy X3 X X5 X¢ X7 Xg X9  Xip Xiy cost
1 K K R K K K K R K K K 7756.64
2 K K K K R K K K o0 K K 772558
3 K K K K 0 K K 0 K K 0o 7611.09
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Figure 4 Machine’s age at stage j due to decision x; for several values of 6.

We represent the benefit of the warranty using two parameters. Firstly, the
warranty duration w, and secondly, the ratio of minimal repair costs during and
after the warranty period, r = ¢;/c,, 7 < 1. To show how the model solutions
respond to different lengths of the warranty duration (w=1,2,3), we use g =
1.25, while other parameters are kept the same. Table 4 and Figure 5 show the

optimal solutions.

Table 4 Optimal policies x; for w=(1,2,3).

w Optimal decisions at j, x; Optimal
X1 X X3 Xa X5 Xe X7 Xg Xo Xjg X1 cost

1 K K O K O K O K o0 K K 728632

2 K K K K R K K K o K K 7725.58

3 K K K R K K K R K K K 7577.66
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Figure S Machine’s age at stage j due to decision x; for several values of w

The longer the warranty period, the higher the benefit obtained by the buyer and
hence it will stimulate the buyer to buy a new machine and induce early
replacement. Using the model parameters above, if the seller only offers a one-
year warranty then the buyer’s optimal policy is to overhaul the machine four
times with no replacement during twelve years. But if the seller increases the
warranty period to three years, then the buyer’s optimal policy is to replace the
machine twice during the planning horizon considered (in the fourth and eighth
year). From Figure 4 and Figure 5 we can show that rejuvenation due to
machine overhaul and warranty length have the opposite effect on the buyer’s
decision at .

4.4 Effect of Variations in r

We now want to show how the model solutions respond to different values of
(r=¢,/c,). Table 5 and Figure 6 show optimal policies for f = 1.20 and

r=(65%, 70%, 90%). During the warranty period, the minimal repair cost is
fully borne by the seller, while the buyer only experiences undesirable product
quality cost ¢; caused by production process disturbances. Figure 4 describes
how different losses due to process disruption influence the optimal solution.
The greater the disparities between ¢; and ¢, or the smaller » indicates that the
minimal repair cost is more considerable compared to the loss due to production
process disruption. As a result, free minimal repair offered by the seller during
the warranty period is quite valuable from the buyer’s point of view. In such a
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situation, for a certain range of replacement cost ¢, the buyer’s optimal solution

is to increase the replacement frequency over T.

Table 5 Optimal policies x; for r = (65%,70%,90%).

Optimal decisions at j, x;

Optimal

*

Xi X5 Xg X7 Xg

=
=%
(=}

=
o
(=%

cost
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K K K K R
K K R K K
o K o K o

> xR
> xR
xRS
=~ Q XS
ke
ke

6679.60
6807.82
7101.86

LS

EY

/ r=70%

r=65%

Machine age (years)
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Machine age (years)

N
N
N

N
N

-
4
-
*

)
o

o
>

N

N

/

Machine age (years)

N

1 2 3 4 5 6 7 8 9 10 11 12
Stage

Figure 6 Machine’s age at stage j due to decision x; for several values of r.

4.5 Effect of Variations in 7

The final numerical examples show how the model solutions
different lengths of 7. Table 6 shows optimal policies for f=1.25,

respond to
=90%, and

T=(8,10,11,12). A sequential solution for a finite-horizon problem is always

influenced by the closeness to the beginning of the period

considered.

Moreover, the model developed also limits the decisions near the end of the
planning period. Figure 7 shows that the optimal decision obtained is sensitive

to changes in the planning period considered.
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Table 6 Optimal policies x; for 7=(8,10,11,12).

T e - * * * * * * * * * Optimal
X, g Xy X5 Xg Xy Xg Xg o Xyp Xy Xy cost
8 O K O K - 474387
10 K R K K K K - 6229.75
11 O K O K O K K - 6977.36
12 K R K K K O K K - 7725.58
g5 =8 ER 7=10
E & /
= / 4 /S /
= P
s, SV £/ /
s,/ : / /
0 — 0 ———
1 2 3 4 5 6 7 8 9 10 §%ag1e2 1 2 3 4 5 6 7 8 9 10 Sl%aglez
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=) =)
Sk A a4/
g S 23
= =,/ /
< <
=1 / = / /
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Figure 7 Machine’s age at stage j due to decisions x; for different lengths of 7.

5 Conclusions

In this paper, we discuss a simple optimal overhaul-replacement model for a
repairable machine sold under warranty, from the buyer’s point of view. The
machine is a means of production that should be operated for a finite horizon
planning. The buyer wants to minimize the total ownership costs over the
planning horizon by considering overhaul in order to extend machine life. At
the same time, the buyer also wants the benefit from the warranty that is
attached to the decision to replace the machine. We develop a dynamic
programming formulation to determine overhaul-replacement policies that
minimize the total ownership costs over the planning horizon considered. The
length of the warranty and the rejuvenation effect of overhaul were modeled as
integer multiplications of the periodic evaluation span. We use a numerical
approach to obtain the solution and solved the model with a computer program
written in Visual Basic.
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The model provides valuable insights into the structure of the optimal solution
for machine replacement under warranty in a more complex situation. Using
this model, the buyer can find the periodic optimal policy and the intended
minimum cost as well as the replacement schedule and periodic amount of
capital required. By understanding the interaction effects of the advantages of
the warranty and the benefits of overhaul, the buyer can also attempt to make an
overhaul improvement and avoid costly frequent machine replacement.
Manufacturers can also use this model, in particular to understand the
customer’s underlying decision to replace in the context of the machine’s life
cycle and the customer’s purchase behavior. The manufacturer could consider
improving the offered benefit, such as extending the warranty length, to
promote sales. The replacement overhaul-model for a warranted machine with a
Markovian deterioration model and overhaul rejuvenation being a function of
the machine’s age are other topics of research currently being investigated by
the authors.

Nomenclature

The following notation was used in developing the proposed model.

1 : minimal repair cost charged per failure during the warranty

C : minimal repair cost charged per failure after the warranty expires

C3 : overhaul cost

Cy4 : replacement cost

e(t) : salvage (or trade-in) value at age ¢

ca(t) : replacement cost at age ¢

h(t, t+s) : expected number of failures during s for a machine with age ¢

Jj : evaluation point at the beginning of any operation interval, j=
0,1,...N

N : evaluation number during respective planning period (N integer, s
= T/N)

s : operation interval (between evaluation points)

t : machine age at j

T : planning horizon

\ : the warranty period, w=n-s (n=1, 2,...)

X; : decision alternatives at j, x; = {K, O, R}

P : machine age reduction due to overhaul decision

A7) : failure intensity function

References

[1] Pramod, V.R., Devadasan, S.R., Muthu, S., Jagathyraj, V.P. & Dhaksina
Moorthy, G., Integrating TPM and QFD for Improving Quality in



482

[9]

[10]

[11]

[12]

[13]

[14]

[15]

Kusmaningrum Soemadi, et al.

Maintenance Engineering, Journal of Quality in Maintenance
Engineering, 12(2), pp. 150-171, 2006.

Iravani, S.M.R. & Duenyas, 1., Integrated Maintenance and Production
Control of a Deteriorating Production System, IIE Transactions, 34, pp.
423-435,2002.

Thomas, G.Y., Cassady, C.R. & Kellie, S., Simultaneous Optimization of
[X] Control Chart and Age-Based Preventive Maintenance Policies
Under an Economic Objective, lIE Transaction, 40(2), pp. 147-159, 2007.
Pierskalla, W.P. & Voelker, A., 4 Survey of Maintenance Models; The
Control and Surveillance of Deteriorating Systems, Naval Research
Logistics, 23, pp. 353-388, 1976.

Valdez-Flores, C. & Feldman, R.M., 4 Survey of Preventive Maintenance
Models for Stochastically Deteriorating Single-Unit Systems, Naval
Research Logistics, 36, pp. 419-446, 1989.

Wang, H., 4 Survey of Maintenance Policies of Deteriorating Systems,
European Journal of Operations Research, 139(16), pp. 464-489, 2002.
Blischke, W.R. & Murthy, D.N.P., Warranty Cost Analysis, Marcel
Dekker, Inc., New York, 1994.

Jack, N., Iskandar, B.P. & Murthy, D.N.P., 4 Repair-Replace Strategy
Based on Usage Rate for Items Sold with a Two-Dimensional Warranty,
Reliability Engineering and System Safety, 94, pp. 611-617, 2009.

Jack, N. & Dagpunar, J1.S., An Optimal Imperfect Maintenance Policy
Over a Warranty Period, Microelectronics and Reliability, 34(3), pp.
529-534, 1994.

Yeh, R.H. & Lo, H.C., Optimal Preventive-Maintenance Warranty Policy
for Repairable Products, European Journal of Operational Research,
134(1), pp. 59-69, 2001.

Wang, H. & Pham, H., Reliability and Optimal Maintenance, Springer-
Verlag London Limited, 2006.

Sahin, I. & Polatoglu, H., Maintenance Strategies Following the
Expiration of Warranty, IEEE Transactions on Reliability, 45(2), pp. 220-
228, 1996.

Djamaludin, 1., Murthy, D.N.P. & Kim, C.S., Warranty and Preventive
Maintenance, International Journal of Reliability Quality and Safety
Engineering, 8(2), pp. 89-107, 2001.

Wun, J., Xie, M. & Adam Ng, T.S., On a General Preventive
Maintenance Policy Incorporating Warranty Contracts and System
Ageing Losses, Int. J. Production Economics, 129, pp. 102-110, 2011.
Jung, G.M. &, Park, D.H., Optimal Maintenance Policies During the
Post-Warranty Period, Reliability Engineering and System Safety, 82(2),
pp- 173-185, 2003.



[16]

[17]

[25]
[26]

[27]

(28]

[29]

Optimal Overhaul-Replacement Policies 483

Pascual, R. & Ortega, J.H., Optimal Replacement and Overhaul
Decisions with Imperfect Maintenance and Warranty Contracts,
Reliability Engineering & System Safety, 91, pp. 241-248, 2006.
Nakagawa, T. & Mizutani, S., 4 Summary of Maintenance Policies for a
Finite Interval, Reliability Engineering and System Safety, 94(1), pp. 89-
96, 2009.

Wu, J., Adam Ng, T.S., Xie, M. & Huang, H.Z., Analysis of Maintenance
Policies for Finite Life-Cycle Multi-State Systems, Computers &
Industrial Engineering, 59(4), pp. 638-646, 2010.

Hartman, J.C. & Murphy, A., Finite-Horizon Equipment Replacement,
IIE Transactions, 38(5), pp. 409-419, 2006.

Soemadi, K., Iskandar, B.P. & Taroepratjeka, H., Optimal Replacement
Policy for Repairable Machine Sold with Warranty, Proceedings, 1%
International Conference on Operations and Supply Chain Management,
Bali, 2005.

Usher, J.S., Kamal, A.H. & Syed, W.H., Cost Optimal Preventive
Maintenance and Replacement Scheduling, 1IE Transactions, 30, pp.
1121-1128, 1998.

Hartman, J.C. & Rogers, J., Dynamic Programming Approaches for
Equipment Replacement Problems with Continuous and Discontinuous
Technological Change, IMA Journal of Management Mathematics, 17(2),
pp- 143-158, 2006.

Iskandar, B.P., Modelling and Analysis of Two-Dimensional Warranty
Policies, PhD Dissertation, Department of Mechanical Engineering,
University of Queensland, St. Lucia, Brisbane, 1992.

Baik, J., Murthy, D.N.P. & Jack, N., Two-Dimensional Failure Modeling
with Minimal Repair, Naval Research Logistics, 51(3), pp. 345-362,
2004.

Nakagawa, T., Maintenance Theory of Reliability, Springer-Verlag
London Limited, 2005.

Pham, H. & Wang, H., Imperfect Maintenance, European Journal of
Operational Research, 94, pp. 425-438, 1996.

Chan, J. & Shaw, L., Modeling Repairable System with Failure Rates
that Depend on Age & Maintenance, IEEE Transactions on Reliability,
42(4), pp- 566-571, 1993.

Dreyfus, S.E. & Law, AM., The Art and Theory of Dynamic
Programming, Academic Press, Inc., New York, 1977.

Zhang, 7.G. & Love, C.E., 4 Simple Recursive Markov Chain Model to
Determine the Optimal Replacement Policies Under General Repairs,
Computers & Operations Research, 27, pp. 321-333, 2000.



